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Abstract

The elastic buckling and postbuckling response of biaxially compressed plates is analysed with main focus on change of in-plane postbuckling
stiffness under prescribed plate shortenings rather than the more normal load control. An analytical closed-form single-degree-of-freedom solution
is derived and compared with an analytical multi-degree-of-freedom model. Results for the analytical multi-degree-of-freedom-model are obtained
by solving numerically the equilibrium equations using the perturbation expansion technique with arc length control in an incremental scheme.
Both models are applied to specific plate examples and comparisons with results obtained using a commercial nonlinear finite element program

are included.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

It is well known that the membrane (in-plane) stiffness of
thin plates drops as they are compressed beyond their elastic
buckling limit and into the postbuckling region. Many studies
on these effects have been presented in the literature over
the last three decades, but far from all characteristics of the
geometrical nonlinear plate responses are explored. One area
that is not documented in any detail is the postbuckling response
of biaxially compressed plates under plate-edge-shortening
control rather than the normally assumed load control. Since
the edge-shortening (displacement) control is most realistic for
plates being part of larger structures, this topic is of practical
interest in general and in a design code context in particular.

Publication of results on the topic of buckling and
postbuckling behaviour of plates has been extensive over
the last three decades. Some of the pioneers addressing
the theoretical aspects of the problem are Koiter [1,2],
Budiansky [3] and Tvergaard [4]. A short selection of more
practical engineering publications are [5-11]. Steen [12-14]
addressed the stiffness change of elastically buckled plates and
developed closed-form solutions and numerical schemes suited
for simplified, semi-analytical stiffened plate buckling models.
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Byklum et al. [15-18] extended this theory and developed
semi-analytical, multi-degree-of-freedom models suited for
ultimate strength and stiffness assessment of stiffened as well
as unstiffened plates. These models have been implemented
and constitute the basis for a computerized buckling assessment
code called PULS (Panel Ultimate Limit State) [19]. This
code is commercially available and recognized by Det Norske
Veritas [20] and other third party institutions and it is used by
designers and consultants world wide.

The purpose of the present paper is to study the postbuckling
behaviour of plates subjected to biaxial plate-edge-shortening
control and to trace the resulting biaxial load redistribution
and the corresponding postbuckling stiffness. Since normal
design procedures do not distinguish between load and
plate-shortening control, it is of interests to highlight this
difference and to assess the consequences. This will lead
to an improved understanding of the mechanics involved
and hopefully build a basis for more realistic and accurate
design procedures in the future. Moreover, as the load-
shortening response of individual plate elements embrace
the load- and plate-shortening characteristics into a single
consistent relation, the present models may constitute a sound
foundation for developing macro-material models applicable
for global ultimate strength analysis of ship hulls etc. in which
geometrical as well as material nonlinearities are dealt with.

Two analytical models, dealing with the nonlinear geomet-
rical effect, are described in the present paper. The first is an
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analytical, single-degree-of-freedom (SDOF), closed-form so-
Iution presented by Steen [13]. The second is a more advanced
analytical, multi-degree-of-freedom-model (MDOF) presented
by Byklum [17], but here transformed to a form appropriate for
plate-shortening control. Results from the two models for some
specific plate examples are compared with corresponding re-
sults obtained using a commercial finite element program [21].

2. Macro-material concepts — load-shortening curves

In simplified global nonlinear strength analysis of ship hulls
and other large plated structures, it is desired to represent the
load-shortening response characteristics of individual plates in
a computationally efficient manner. The concept is to model
local plated areas relatively coarse and to lump all nonlinear
geometrical and material effects into the corresponding “macro-
material” element characteristics. This idea has been pursued
by many researchers over the last decades and a lot of different
approaches and results have been published, e.g. [22-24]. An
overview of some of these approaches can be found in Paik
and Thayamballi [25]. Despite the appealing simplicity of the
method, it has not yet reached a level where all important effects
required for practical applications to ship hulls are included.
But by continuous efforts in developing more rigorous macro-
models on the local level, it is believed that the method will be
part of engineering design procedures some years ahead.

The general macro-material model should cover the
simultaneous action of in-plane biaxial and shear loads acting
on a buckled rectangular plate, Fig. 1. Mathematically the
macro-model valid for any equilibrium state relates acting in-
plane loads o1, 07, o3 (per unit area or per unit plate length) and
the corresponding in-plane shortenings €1, €2, €3 may formally
be written as

O—O( =O—O((8]?827€3) o = 17253 (1)

The general tensor notation is used for convenience, with the
subscript 1 and 2 indicating the in-plane axial and transverse
directions respectively and subscript 3 the in-plane shear
direction.

The term of pseudo- or macro-material element charac-
teristics is natural since the format hides the out-of-plane
buckling displacements and directly gives a mathematical rela-
tionship between stresses and strains. An alternative and much
used terminology for the same is load shortening or average
stress—strain curves. The latter notions have been commonly
used for stiffened panels subjected to uniaxial loading only.

By expanding Eq. (1) around a known state I, the material

model is transformed to the incremental form defined by
Aoy ZCaﬂﬂé‘ﬂ +Ca,35A8ﬁA85-I—--- o, B,6=1,2,3 (2)

where the macro-material coefficients are defined by

_ 0oy
af = T
88}3
2 (3)
1 0“0y
Caps o, B,6=1,2,3

= 5 38ﬂ385

Fig. 1. Buckled rectangular plate.

In order to better illustrate the various first-order term
coefficients, i.e. the tangential stiffness coefficients Cyg, Eq. (2)
can be rewritten on matrix form as follows:

Aoy Cii Cin Ci3| | Ae
Aoy |=|Cr1 Crxn Cp Aégj | + higher-order 4)
Ao Cy1 C (33| | Aes

Analogous with the deformation theory of plasticity [26],
Eq. (1) can be interpreted as a nonlinear macro-material model
on total form. Similarly, Eq. (2) or (4), with only the first-order
terms included, represent the analogy to the incremental flow
theory of plasticity.

The stiffness coefficients are state dependent and will
typically have values close to the linear elastic ones for small
loads and gradually decrease as the loading and the out-of-
plane deflections increase, in particularly close to and beyond
the elastic buckling level.

The important feature of this macro-model is that the
incremental stresses and strains referred to are not at a material
point, but rather represent the acting loads (average stresses)
and the corresponding relative plate shortenings (average
strains) of the considered plate field. This is important to
note when employing the present macro-material model in
a nonlinear finite element method (FEM) program. Typical
optimal mesh density (element size) will be one element
between longitudinal stiffeners.

In the case of only two independent loads, Eq. (1) is reduced
to the two equilibrium surfaces defined by

o1 =o1(&1, £2)

02 = 02(¢1, €2)

®)

This case is easier to illustrate graphically. In the three-
dimensional space spanned by (oy, €1, £2), these functions can
be shown as two-dimensional surfaces. Mapped into the two-
dimensional strain space (¢1, €2), one surface is schematically
illustrated in Fig. 2 as a set of 0, = constant contour curves.
The gradient Vo to these surfaces is the vector

Vo, = Cyiit + Cyoin 6)

It is directed normal to the contour curves and gives the
direction along which the maximum stiffness is achieved.

A loaded plate will follow a load history path across this
equilibrium surface as indicated by example curves 1 and 2
emanating from origin. For the simplest case of proportional
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Fig. 2. Schematic illustration of load-shortening contour curves of a biaxially
loaded plate.

load paths in strain space, the load history is defined by the unit
tangent vector

tg = e1(i] + &2(t)ip = cosdiy + sindip 7

Here the proportional load history angle d is measured from
the positive ¢; strain axis. The directional stiffness along this
tangent t; for any load component oy, is thus given by the scalar
product

Cl=Vo, -ty a=1.2 (8)

As an example, the directional stiffness for the axial stress o
of a biaxially loaded plate is simply

CfZVO’] -ty

cl=cC d i ®
1 = Ciicosd + Cypsind

Closed-form solutions for the directional stiffness are given for
some examples in Eqgs. (46)—(48).

3. Closed-form solution (SDOF)
3.1. Derivations

For the general problem of simultaneous biaxial compres-
sion and shear acting on a rectangular plate, the buckling and
postbuckling pattern will be very complex. For such a problem,
multi-degrees-of-freedom-models will be required to describe
the correct physical behaviour [15,18]. However, for the im-
portant case of biaxial loading, which is considered below, the
nonlinear geometrical behaviour can be analysed reasonably ac-
curate with only a single-degree-of-freedom (SDOF), at least as
long as the plate aspect ratio of the buckling pattern is not too
large and the plate slenderness is not too high.

The internal membrane stresses in a deformed plate can be
found by solving Marguerre’s compatibility equation [26,27],
which for an isotropic plate with imperfections takes the form

4 2
V'F = E[waz —w w2

+ 2wo,12W,12 — Wo,11W,22 — W,22W, 11] (10)

The basis for the derivation of Eq. (10) are Marguerre’s
kinematic relations defined as

1
2
g1l =ui1+ Ew’l + w 1wo,1

1
€0 =uzn+ Ew?z + wwo 2 (11)

1 1
g2 = 5(”1,2 +uz 1)+ E(w,lwl + w w2 + wowo,1)

In Eq. (10), F denotes Airy’s stress function, w is the lateral
deflection due to the applied loads added on top of the stress-
free initial lateral imperfection wg. The u; and u; represent the
in-plane displacement in the x| and x, direction, respectively.
A comma followed by a subscript 1 denotes partial derivative
with respect to coordinate x| etc.

Assuming the buckling and initial imperfection pattern to
be in the same form with one single Fourier term, the lateral
displacements w and wq for a plate with length @ and width b
is expressed by

. /mm . (/nT
w = g1t sin (—xl) sin (—xg)
a b
. o/mm . (/AT
wo = 10t S1n (—x1> sSin <—x2)
a b
The coefficients g; and gqjo are deflection parameters non-

dimensionalized with respect to the plate thickness 7, and
defined by

12)

A AV
q1 = ;’m q10 = % (13)

Here, Ay, and A9, are the Fourier amplitudes for the
load dependent and stress-free imperfection displacements,
respectively. The corresponding deflection pattern has m half-
waves in the x| direction and »n half-waves in the x; direction.

The set of integers (m,n) determines the shape of the
buckling mode, and the actual values to be used in a given case
can be varied to study different effects. The normal procedure
is to use the set (i, n) that minimizes the eigenvalue.

With the assumed displacements, Eq. (12), the solution
of the compatibility equation, Eq. (10), gives the following
solution for the internal redistributed membrane stresses:

n’E 2 tm\*  2nm
o1l = —0] — T(ZQIOQI +47) ) cos——x

7’E 5 m\>  2mrm (14)
Uzzz—Gz—T(QQ10611+q1) ) s —n

o1p = 0.

The membrane stress distribution of Eq. (10) implies straight
in-plane plate edges.

The adopted sign convention defines the external stresses
(01,02) and the corresponding relative plate shortenings
(e1, &2) as positive in compression. On the other hand, internal
membrane stress ogg; o, B = 1,2 and corresponding strains
£qp are defined, as usual, as positive in tension.
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Using Hooke’s law for plane stress, the internal membrane
stresses are transformed to membrane strains as

L )= ™ ot +4)
& = ——(0] —Vvop) — —
11 E 1 2 g \£41091 T 4 )
rm\2 2nmw tn\? 2mm
x| — ) cos—xp;—v|— ] cos X1
a b b a
1 n? 2
£y = —E(oz —vop) — ?(261106]1 +47)
[ tn\? 2mm tm\? 2nw |
x |- cos xi—v|— ] cos—x2| (15
b a a b

e =0

By defining the relative plate shortenings as

1
= — dA
€1 ab/ul,l

1
= — dA
& abfu2,2

and using the kinematic relations in Eq. (11), and Eqgs. (13) and
(15), the plate shortenings can be expressed as

(16)

1 72 5 tm\?
g1 = = (o1 —vo) + — (26]10111 +6]1) —

E 8 a
(17)

1( )+n2(2 n 2) n\?
€ — (02 —vo — —

2= gl 1 3 41091 T 47 b
This is the macro-model on total form for the shortening-load
relationship. Inverted it gives the following load-shortening
relationship:

n? E
o1 = 1_v2(81+V82)—§1_U2
x (a1 + 2q1091) (k1 + vko) a8)
n? E
0y = 1_v2(52+l)81 TR -

x (g3 + 2q1091) (k2 + vk1)

where k1 and k are constants defined by Eq. (21).

Applying the classical thin-walled plate theory of Kirchhoff
[26,28], the potential energy of a rectangular plate subjected to
uniform biaxial loads (o7, 02), shear (7) and lateral pressure p
can be expressed as

Ef3

V=—
24(1 — v2)

X / [w?ll + w,222 +2vw 11w +2(1 — v)w?lz] dA

+ L/. [(011 +022)% = 2(1 + V) (011022 — (012)2)] dA

2FE
_talful,ldA_tUZ/MZ,ZdA
—tt/(ulgz—l—uz)])dA —p/wdA (19)

The area integration is taken over a plate with length a and
width b.

In the remainder of this section, we will limit the
presentation to the case of in-plane, biaxial loading only, which
is the loading of main interest here. However, in principle, the
other effects can readily be included in the formulations.

By substituting Eqgs. (15)—(17) into Eq. (5), the final
expression for the potential energy V for a plate subjected to
biaxial loading becomes

4

T 202,72 2
V= EEquqm +q7)7 (k] +k5)

2
96 -2
- ?(2‘]14]10 +g7) (k1o + kao2) (20)

Eq} (ki + k2)?

where per definition

2 2
t t b
ki=(—). k=(—). ==, == @I
41 12 m n

The nonlinear equilibrium equation is derived from the
principle of stationary potential energy, i.e.

Vv
fl(m,Gl,Uz)Ea—ql:O (22)
This yields
nt 2 2 2
fi= aE(ZQIQIO +q7)(q1 + q10) (ki + k3)
4
———FEq(k k)?
+48(1—v2) q1(ki + k2)
2
—7(6110 +q1)(kio1 +kpo2) =0 (23)

This equilibrium equation is expressed in terms of the in-plane
loads o1, 0». Thus it is suited for studying the plate response
under load control, i.e. the load history has to be defined in load
space (o1, 02).

In order to study the plate response in the end-shortening
space (g1, &2), the loads have to be transformed to plate
shortenings using Eq. (18).

3.2. Closed-form equilibrium solution

In the following, the equilibrium solution, Eq. (23), for the
biaxial, in-plane loading case is written in a compact closed-
form for both load control and plate-shortening control.

3.2.1. Load control
Eq. (23) can be transformed to the simple form given by

q1 2 2
Ay =—2 (1 3 2 24
q1+q10( + a2(q7 + 391910 + 291))) 24
where
A - 12(1 — v?) <z_2>2 ((£2/£1)%01 + 02) 25)
72E t (1 + (€2/€1)%)2
4
w= 21—y L@/t (26)

4 (1+ (L2/€1)H)?
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Ay is a non-dimensional load parameter, representing the
combined load effect. It takes the value of unity at the elastic
buckling level (eigenvalues). The a, parameter is the classical
Koiter postbuckling coefficient representing the curvature of the
postbuckling path at the elastic buckling level.

3.2.2. Plate-shortening control
By replacing the loads by plate shortenings, using Eq. (19),
the equilibrium equation can be written as

q1 2 2
e=———(1+b 3 2 27
o +q10( + b2(q7 + 391910 + 291))) 27)
where
A, = E (f_z)z ((L2/€1)? +v)er + (v(L2/€1)* + ey 28)
72\t (14 (€2/€1)%)?
by = 33 = v (1 + (L2/L)*) + 12v(£2/€1)? (29)

4(1 + (L2/€1)H)?

A is a non-dimensional load parameter, representing the
combined plate-shortening effect. It takes the value of unity at
the elastic buckling level (eigenvalues). The b, parameter is the
classical postbuckling coefficient representing the curvature of
the postbuckling path at the elastic buckling level.
Traditionally the equilibrium equation is given on a
load control form. For comparison, the well-known Koiter
theory [29] gives the equilibrium equation in the following form

pp—

= ——(1+aq}) (30)
q1 + 4910 %

It is seen that the present closed-form solution (Eq. (24)) is very
similar to the Koiter equation apart from two terms coupled to
the initial imperfection amplitude g19. For small imperfection
amplitudes the two solutions converge. The Koiter solution is
asymptotic in the sense that it is only valid for very small
imperfections, while the present solution treats the nonlinear
membrane effects more realistically for plates with medium and
larger imperfection levels.

3.2.3. Eigenvalue solution

In later presentations of results, elastic buckling values
(eigenvalues) will be included. As mentioned above, these can
be obtained by setting A, and A, equal to unity. For 4, = 1,
Eq. (25) can be rewritten in a familiar and standard form as

2 a\? , _ n’E 1\? (b\*
(’" o1+ (Z) " "2> T 120 - 12 (Z) (E)
x(m? + (a/b)*n*)? (31)

which, for a given buckling mode, represented by given integers
m and n, will be represented by straight lines in the load space.
The same will be the case for eigenvalue presentations in the
plate-shortening space. For this case, Eq. (28) with A, = 1 can
be rewritten as

(2 (5) v) e (2 (5) ") e

2 2 2
== (l’—)) (g) (m? + (a/b)*n%)? (32)

3.3. Closed-form stiffness solution

For the biaxially loaded plate, the incremental macro-
material model, Eq. (4) takes the following simple form

Aor| _|Ci1 Cro| | A&
[462:| o |:C21 Cru || Az (33)
For conservative loading, such as considered in this paper, the
stiffness matrix is symmetrical.

From the definition of the stiffness coefficients, Eq. (3), and
by making use of Eq. (18), the following expressions emerge

E T n? 9q1 ]
Cri= —— 1= (kg + vk aa
=77 7 kit 2)(611+1110)881_
Ev | 72 g1 ]

Cp= 5 | 1= = (ki +vk2) (g1 + 710) - | = Cay (34)
1—v= | 4 dea |
c E 2™ vk + 1002 ]
= _ — v —
n=ga |-k D@+ 05|

The derivatives of the deflection parameter are found from the
equilibrium equation, Eq. (27), and can be written

@ _ (g1 + q10)(0 4, /0€q)e
dea 1+ b2(3q7 + 6q1910 + 297, — Ae

a=1,2 (35

The derivative of the plate-shortening parameter in the
denominator of this equation can readily be obtained from
Eq. (28).

The stiffness coefficients given by Eq. (34) are valid for
any equilibrium state for prescribed values of the deflection
coefficient g1, the initial stress-free imperfection g1 and loaded
state defined by either the plate shortenings (g1, €2) or physical
loads (o1, 02).

From Egs. (34) and (35) it can be shown that the values for
the initial stiffness coefficients at zero load simplify

E [ ki + vk2)? ]
Cii = 1_6(1+vz)
1—v2 | A i
Ev [ 6 (ki + vky) (ks + vky)
Cph= s|11—= = Cy1 (36)
1 —ve | v A
E [, (a+vk)*]
Cyp = 1-6
21002 A |
where the coefficient A is given by
2(k1 + k2)*
A= (‘—22) +33 =) (K} +K3) + 120k ks 37)
410

For a geometrically perfect plate (gjp = 0), the initial
postbuckling coefficients at elastic buckling (eigenvalue) can
also be expressed by the form of Eq. (36). However, the A
coefficient has to be derived from Eqgs. (34) and (35) and for
this case it is found to be

A =33 — v (kT +k3) + 12vkika (38)
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Eq. (36) with this A (Eq. (38)) shows that the initial
postbuckling stiffness of geometrically perfect plates is
constant for a given mode shape. Further, comparison with Eq.
(37) shows that its value is identical to the initial stiffness, at
zero loading, of plates with large imperfections (g1o > 1).

As a special reference case, the pure uniaxially loaded plate
is considered. Its postbuckling behaviour is derived by ensuring
the perpendicular incremental stress to be zero, i.e.

Aoy =0 (39)

Eq. (33) is then reduced to the incremental postbuckling
stiffness relation given by

Ao = Cypi e 40)
where
(C12)?
Cuni = C1i — —=2 (41)
Cx»

Another special case is the square plate buckling into a
m = 1 and n = 1 mode. For this case, the analytical, closed-
form stiffness coefficients Cyg in Eq. (36) take on the simplest
forms, given by

2E
Cll = A <
I+v)3—v)
 (U-wE
Cpp = T 06 Cy (42)
e 2E ¢
2T 05nE—n M

By comparing Eq. (42) with the corresponding first terms in Eq.
(18), that represents the unbuckled plate, it can be shown that
the axial postbuckling stiffness Cy; is only 52% of that of an
unbuckled plate with a Poisson number of 0.3. The coefficient
C12, for the Poisson coupling effect, has changed sign and has
a value of —61% of that of the unbuckled plate.

For pure axial compression, Egs. (39) and (40) give the well-
known result

E
Cuni = E (43)

Eq. (42) can alternatively in this case be written as

E*
Cij= ———
=1
E*v*
Cp=——5=C 44
2= 102 21 (44
E*
Cpp= ———
2= 1" 0m2

Except for the superscript, this is the exact same form as that of
the stiffness coefficients of a plane stress, isotropic material.
The elastic, isotropic material constant £ and v are above
replaced by the modified material constants E* and v* defined

as

1
E*=-E

g 45)
V¥ = —5(1 —v)

These E* and v* constants are not physical in nature like E and
v. Rather, they are mathematical, or “conceptual” in nature. In
the latter sense they are fictitious material properties, but very
convenient in the behavioural description.

From these simple expressions, it can be concluded that an
elastically buckled square plate has in-plane stiffness properties
that are equal to those of an elastic isotropic material with a
modified modulus of elasticity of 50% of Young’s modulus and
with a modified negative Poisson effect equal to —0.35 for a
material with v = 0.3.

The directional stiffness parameter defined in Eq. (9) is
especially interesting since it provides information about the
stiffness change along the load history path for combined loads.
As examples, cases with strain (plate-shortening) control of
a square plate are considered below. For easy interpretation,
the results are given as ratios of the directional postbuckling
stiffness and the directional prebuckling stiffness (for standard
linear elastic plane stress conditions).

Uniaxial plate-shortening control d =
measured from the positive ¢; strain axis):

0 (angle d is

0
Clpost N 2(1 —v)

= ~0.52 (v=0.3) (46a)
0 _
Clore G—-v
(oY 1 —v)2
2ot _ A=Y 061 w=03) (46b)
C2pre (3 - U)v
Balanced (equal) biaxial compressive strains; d = 45
degrees:
C45 1—
oot _ A=V 026 w=03) (47)
Clpre (3 - \))

Comparison of Eq. (46a) and (47) shows that balanced
biaxial loading reduces the postbuckling stiffness below that
of uniaxially strained plates by as much as 50%. This result is
identical to results published by Budiansky [3] for proportional
load control of a square plate.

For the standard reference case of uniaxial stress (not
shortening), the angle d for the proportional load history is
d = —16.7 degrees up to elastic buckling. The postbuckling
stiffness ratio for this case takes the classical value

C—16.7 1
T =5 =05 (48)
Clpre~

4. Multi-degree-of-freedom-model (MDOF)

Multi-degrees-of-freedom-models for both unstiffened and
stiffened rectangular plates have previously been presented and
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given a detailed treatment in [15-18]. Here, only some basic
equations relevant for the present study, and mostly related
to the transformation from load control to plate-shortening
control, are given some explanations.

The same plate theory described in Section 3.1 is used,
but the buckling mode and the imperfection field description
are extended to multi-degrees-of-freedom using double Fourier
expansions defined by

Z Z A Sin (—x1>

m=1n=1

X sin (%m)

Z ZA sin (—xl)

m=1n=1

. nm .
Xsm(7x2> i=12,...,K

w =gjhi(x1,x) =

(49)

wo = gioh;(x1, x2) =

Here the g; is a short form notation for the Fourier amplitudes
Ann and h; represent the corresponding global Fourier function
(g1 = Au/t,q2 = A/t,....,qx = Aun/t). K = M*N
is the total number of degrees of freedom. The summation
convention is used whenever appropriate.

As for the SDOF model, the MDOF model is developed for
straight in-plane plate edges.

Substitution of Eq. (49) into Eq. (19), and also using the
membrane stress distribution as given in [17], give a set K of
nonlinear equilibrium equations that generally are written as

fi(q1,q2,...,9x,01,020) =0 i=1,2,...,K (50)

These equations are explicit in the independent set of biaxial
loads (o1, 02) and are thus suitable for load control analyses.
However, they may be rewritten in a form suitable for
shortening control by using the multi-degree equivalent of
Eq. (18), which may be written

)
or = ——(e1 +ve) — — (C1 +veo)
1—v 81—
, 1)
E b E
02=m(82+v81)—?1 2(C2+VC1)
where the coefficients ¢; and ¢, are defined by
1 LT 2,42 0
0= DO mP (AL, 4+ 2AmAD,)
m=1n=1
(52)
1 LY 2,42 0
0= >N Ay, + 2AmAD,)

I
-
I
-

m n

Then, by substituting Eq. (51) into (50), the equilibrium
equations are transformed to a set of equations

filar,q2, .. gk, €1,€2) =0 i=1,2,.... K (53)

suitable for plate-shortening control analyses specified as load-
histories in strain (plate-shortening) space.

An arbitrarily curved and continuous load history in load or
strain space, spanned by two independent load parameters A

PIECEWISE
LINEAR

LOAD I
PATH Q&Qb
A
m/
i CONTINUOUS
; ] LOAD PATH
|PROPORTIONAL Ay
LOAD PATH

BUCKLING
BOUNDARY, g,=0

s

Fig. 3. Schematic illustration of continuous (“piecewise linear”) and
proportional loading sequence in load or strain (plate-shortening) space.

and A3, can be described by a piecewise linear curve through
a set of L specified points, or load stages, A, and Az,
(m = 1,2,3,..., L), as illustrated schematically in Fig. 3.
Along each piecewise linear step, between load stages, the load
history is described by

Ay = Ay + A AL g1
Ay = Aoy + A(A2 41

- Al,m)
- A2,m)

Here A is a single load multiplier taking prescribed values
between zero and unity for each linear step along the specified
load path. Including the zero load state, a proportional loading
path definition needs only two reference points in load space,
i.e. Eq. (54) simplifies to

(54)

Ay = ANy

55
A = Ao, (53)

In addition to the general load path, Fig. 3 also includes
a proportional path. Later example computations will be
restricted to proportional paths.

With the chosen division of the load history into load stages,
A is the only load parameter in each linear load step from one
stage to another. Thus, the equilibrium equations, Egs. (50) and
(53) can be written as

,qx, ) =0

Using the perturbation method, a solution of Eq. (56) is sought
in the form of a Taylor expansion around a known state (state s
indicated as superscript) in terms of a continuously increasing
perturbation parameter 7 along the equilibrium path. This gives

filar, q2, - .. i=12,...,K (56)

g =qi(n) =q; +¢; An+ %é’f(ﬂn)z +
. 1. . (57)
A=A(m) = A + S An + 5/1S(An)2 +---
for the deflection parameters and the load multiplier. A dot
(above a parameter) indicates differentiation with respect
to n.
In order to ensure an always increasing perturbation
parameter along the equilibrium path, the arc length along
the curve becomes the obvious choice for 1. The arc length
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parameter is defined by
n—n'=qi(qi —q) + 24— A) (58)

By differentiating once with respect to 7, the equilibrium
equation, Eq. (56), and the load incrementation equation,
Eq. (58), can be written on first-order rate form as

flaj+f0=0 i,j=1,...,K
Qiq.i+/‘12=1 i=1,...,.K

(592)
(59b)

where superscripts j and A indicate partial differentiation
with respect to the deflection parameter g; and the load
parameter /A, respectively. The superscript s have been deleted
for convenience. From the K linear equations of Eq. (59a),
the K unknown deflection rates can be solved for in terms
of the unknown load rate parameter }1, which, finally, can be
determined from Eq. (59b). For additional details, reference is
made to [13,17].
In matrix notation, Eq. (59a) is written as

KA—-GA=0 (60)

K is the incremental stiffness matrix, A is the displacement
rate vector and G/ is the incremental load vector. In a
similar manner, it is straightforward to derive the second-
order equations for finding the path derivatives in the Taylor
expansion, Eq. (57). The resulting equations, obtained by
differentiating Eq. (59) once with respect to n can be given in
the form

KA+HA=0
GiGi+AA=0 i, j=1,....K

(61a)
(61b)

However, the solution for second-order path derivatives is
not pursued here. The incrementation strategy adopted is to
use first-order path derivatives only, but in combination with
incremental An values that are sufficiently small, so as to
provide results with satisfactory accuracy without having to
make equilibrium controls, and corrections. In comparison,
Riks’ arc length method [30], which in many respects is
similar to the present approach, requires equilibrium controls
to be made. It has been found, in numerous comparisons, that
incremental An values in the order of 0.01 to 0.02 provide very
accurate tracing of the equilibrium path.

5. Case study — postbuckling stiffness results

Closed-form, single-degree-of-freedom solutions (SDOF)
are compared with corresponding analytical multi-degree-of-
freedom solutions (MDOF) and with nonlinear finite element
method (FEM) results obtained using a commercial FEM
program [21]. Linear elastic, plane stress conditions are used
in all computations.

One specific rectangular plate geometry is analysed for five
different proportional load histories in strain space (g1, €2).
Results are presented in terms of corresponding load paths
mapped into the load space (o1, 02) and as load-shortening
curves in spaces (o, €1, €2). The load paths mapped into load

space (o1, 02) are convenient for illustrating how the biaxial
load redistribution has to take place in order to keep the plate
in equilibrium under prescribed plate shortenings. The load-
shortening curves, on the other hand, effectively show how
the in-plane stiffness changes for each load component when
the elastic buckling limit is exceeded and the plate is in the
postbuckling region.

The geometrical imperfection shape (wo) is taken identical
to the “minimum eigenmode”, i.e. the buckling mode corre-
sponding to the lowest eigenvalue and with an imperfection
amplitude of 1% of the plate thickness. This small imperfec-
tion, representative for nearly perfect plates, was set in order to
trace the largest stiffness change a plate can experience. Note
that the MDOF model in the examples always has a full range
of half-waves m = 1,2,3,...;n = 1,2,3... for describing
the postbuckling deflection pattern even though the imperfec-
tion shape is only defined with one simple sinusoidal wave (one
term in Fourier series always).

Complex and randomly distributed imperfection patterns,
as present in real welded structures, can cause a different
postbuckling response than that in the perfect case, especially
if the imperfections are large in amplitude. However, to
study mode snapping and interactive nonlinear behaviour in
geometrically imperfect plates was not the main purpose of the
present work and thus that topic has only been given minor
attention in the following discussions.

The ABAQUS plate models are meshed with square shaped,
four node elements with reduced integration (type S4R).
Experience shows that six elements across the shortest plate
edge gives sufficient accuracy and is used in the present
study. The nodes along each plate edges are forced to remain
on a straight line in-plane and relative plate shortenings are
prescribed as proportional load rays in strain space (g1, €2).
For out-of-plane effects, classical simply supported boundary
conditions are assumed along all edges, i.e. edges are free to
rotate while restrained to remain in the plate plane.

The rectangular example plate has the following properties:
3000 mm, » = 1000 mm, r = 17 mm, E =
210000 N/mmz, Poisson v = 0.3, Imperfection amplitude =
0.17 mm in the minimum eigenmode. o = 315 N/mm2 (oF is
the yield stress used for scaling purposes only of the axes in the
following figures. It does influence the nonlinear geometrical
results as shown)

a =

The five different proportional strain paths considered are
shown in Fig. 4 and defined by the angle d measured between
the positive e1-axis and the proportional path. The five angles
analysed are d = —16.7, 0, 45, 90, 106.7 degrees.

When analysing rectangular plates, it is important to focus
on more modes than just the minimum eigenmode and also on
the fact that the shape of minimum eigenmode may be different
for different load combinations.

Fig. 4, shows eigenvalue boundaries for 4 modes defined
by (m = 1,n =1),(m = 2,n =1), (m = 3,n = 1),
(m = 4,n = 1). For all load histories analysed the minimum
eigenmode has one half-wave across the plate width b. Thus
only the n = 1 modes are illustrated in Fig. 4.
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Fig. 4. Specified proportional load histories in biaxial strain space and
eigenvalue boundaries for a rectangular plate: @ = 3000 mm, b = 1000 mm,
t = 17 mm. The five prop. strain paths have angles d with positive &;-axis:
d =-16.7,0,45, 90, 106.7 degrees.

From these eigenvalue boundary results it can be observed
that for almost the whole biaxial compression zone, particularly
the region for which the transverse shortening &, is dominating,
the critical eigenmode will correspond to a long waved mode
(m = 1,n = 1). When a plate is compressed beyond this
eigenvalue boundary, the deflected form will flatten out in the
mid-region and the plate will typically have a postbuckled
“hungry horse” shape, as illustrated in Fig. 5(a). For plates
with dominating axial shortening ¢;, Fig. 4 shows that the
eigenvalues for different buckling modes are clustered together.
This is thus a region where mode snapping is likely to occur, as
discussed further below.

The five different proportional strain paths in Fig. 4 are
mapped into load space in Fig. 6. For each load path the
imperfection shape is taken equal to the minimum eigenmode.
The four lowest eigenvalue boundaries are also shown in the
figure. They are given by straight lines and are useful for
illustration of the connections between the elastic buckling
limits and the load level at which the biaxial load redistributions
take place.

Each of the load paths can be seen to exhibit a clear bend
when passing the eigenvalue boundary. This indicates that
significant biaxial load redistributions have to take place in
order to keep the plate in equilibrium for forced proportional
plate shortenings.

a

-&- eigenvalue boundary m=1, n=1
—A— eigenvalue boundary m=3, n=1

—&— eigenvalue boundary m=2, n=1
= eigenvalue boundary m=4, n=1

O closed form SDOF o ABAQUS
—— analytical MDOF
1.2 X
w \
8 1 \
[
08 N
— 0.8 :
T h
A UDDDDD
goaP”
T — ~
| S eeagy |
06 -04 -02 02 04 086 b \""I‘-HV\J.Z
0.2 R =
04 <
o, fog

Fig. 6. Five calculated load paths in biaxial load space and eigenvalue
boundaries for a rectangular plate: ¢ = 3000 mm, » = 1000 mm, t = 17 mm.
Curves are valid for small geometrical imperfections (0.17 mm in the minimum
eigenmode). The five load paths corresponding to d = —16.7, 0, 45, 90 and
106.7 degrees are shown as curves emanating from the origin. The d = —16.7
case starts along the o-axis, with the other paths found in the anticlockwise
direction.

It can also be seen (Fig. 6) that the closed-form solution
resembles the numerical solutions in cases when axial load (o)
dominates while it diverges significantly from the numerical
solutions in cases with dominating transverse load (o7).
Moreover, it is seen that the analytical MDOF solution and the
ABAQUS solutions almost coincide for all cases.

In the following, results for each of the five load paths are
discussed separately.

d = —16.7 degrees. The prebuckling load path for this case
follows the abscissa (03-axis) in Fig. 6 for then to bend down
beyond the minimum eigenvalue boundary in mode m = 3.
The axial load continues to increase while the transverse stress
starts unloading and becomes negative (tension). Fig. 7 shows
the corresponding load-shortening curves indicating an axial
stiffness drop in the order of 45% when loaded beyond elastic
buckling. The postbuckling response curves are also very close
to being linear, indicating that the eigenmode shape is well
maintained in the postbuckling region. This is also the reason
for the good correlation in this case with the closed-form
solution, which assumes that the displacement shape in the
postbuckling region is equal to that of the eigenmode.
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Fig. 5. Postbuckled rectangular plates; (a) transversely dominating compression, (b) longitudinally dominating compression.
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Fig. 7. Calculated load-shortening curves valid for proportional strain path
d = —16.7 degrees. Rectangular plate: a = 3000 mm, » = 1000 mm,
t = 17 mm. Curves are valid for small geometrical imperfections (0.17 mm
in the minimum eigenmode m = 3,n = 1).

It is seen that, for all practical purposes, the closed-form
SDOF, the analytical MDOF and the ABAQUS results are
coincident.

d = 0 degrees (¢2 = 0). In this case, the three first eigenvalues
are clustered close together (Fig. 4), with the minimum value
obtained for m = 2. The next two eigenvalues, for m = 1
and m = 3, are almost identical and only slightly greater than
the minimum value. Due to the cluster of eigenvalues, this case
is therefore analysed for an imperfection in shape m = 2 and
shape m = 3 respectively.

Again, Fig. 6 shows the significant biaxial load redistribution
that takes place when passing the minimum eigenvalue. In the
postbuckling region, the axial load continues to increase while
the transverse load decreases. Fig. 8 shows the corresponding
non-dimensional load-shortening curves for oy and o, vs.
g1. Also, in addition to the standard case with the initial
imperfection taken in the shape of the lowest buckling mode
(m = 2), the figure also includes results computed with the
initial imperfection taken equal to the higher mode m = 3.
The reason for this also including the latter case is that it has
an eigenvalue only slightly higher than the minimum value for
m = 2 and that in such cases snapping from one mode to
another may occur.

The figure clearly shows that the higher m = 3 mode
imperfection causes a smaller axial postbuckling stiffness than
does the lowest (m = 2) one. This is in contrast to the normal
assumption that the use of imperfections in the shape of the
minimum eigenmode is conservative. The axial stiffness in the
m = 3 mode is in the order of 25% less than that in the m = 2
mode. This is a significant difference. Also for these cases, the
load-shortening responses are close to being linear curves in the
postbuckling range shown. In the advanced postbuckling range,
the buckled shape in the initial m = 2 mode tends to flatten out
as contributions from the m = 3 mode slowly starts growing.
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analytical MDOF, m =2, Sigma 1
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Fig. 8. Calculated load-shortening curves valid for proportional strain path d =
0 degrees. Rectangular plate: @ = 3000 mm, » = 1000 mm, # = 17 mm. Curves
are valid for small geometrical imperfections (0.17 mm in the eigenmodes
m =2 and m = 3).
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Fig. 9. Calculated load paths in biaxial load space for balanced proportional
plate shortening d = 45 degrees for a rectangular plate: a = 3000 mm, b =
1000 mm, ¢+ = 17 mm. Curves are valid for small geometrical imperfections
(0.17 mm) in the eigenmodes m = 1, m = 2 and m = 3 individually.

Finally, snapping to a pure m = 3 postbuckling mode takes
place far beyond the load range shown in Fig. 8.

It is seen that, for all practical purposes, the closed form, the
analytical MDOF and the ABAQUS results are coincident.

d = 45 degrees. The load path results for this case, Fig. 6,
calculated with an imperfection shape in the form of the
minimum eigenmode (m = 1, Fig. 4), show a significant
difference between the MDOF and ABAQUS solution on the
one side and the closed-form solution on the other. In order
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to study the reason for this differences in more detail, results
for the different geometrical imperfections modes, defined by
m = 1 and the higher m = 2 and m = 3 modes, are shown in
load space, Fig. 9.

It is observed in Fig. 9 that the biaxial load redistribution
is less for higher imperfection modes than that for the
m = 1 mode and with the m = 3 mode giving no biaxial load
redistribution. This is natural since the m = 3 buckling mode
for a rectangular plate of aspect ratio 3 (a/b = 3) gives a square
deflection mode shape. Balanced biaxially 50%-50% (d = 45
degrees) compression on a square local plate buckle gives
naturally no biaxial load shedding. However, in practice all
welded steel plates will have a significant m = 1 imperfection
mode contribution with minor components in higher modes. For
such plates the present nonlinear analyses show that the m = 1
mode will dominate the response with a deflection pattern
shown in Fig. 5(a) as typical for the postbuckling region. This
deflection mode, with a flattened shape in the mid-regions gives
low membrane stiffness in the transverse direction, explaining
the marginal increase in the transverse load and the significant
increase in the axial load.

Fig. 10 shows the load-shortening curves for d = 45
assuming geometrical imperfections in the minimum eigen-
mode m = 1 only. It can be once more concluded that the
plate stiffness changes radically beyond elastic buckling limit,
and particularly the stiffness against transverse loading is al-
most non-existing in the postbuckling region. For this example,
with plate thickness 17 mm, the plate will buckle elastically at
approximately 20% of the material yield stress. Due to the very
low transverse stiffness beyond the elastic buckling limit, the
transverse stress will only increase marginally for increasing
prescribed plate shortenings. The postbuckling stiffness curves
are no longer linear, but tend to be somewhat nonlinear with a
slight drop in stiffness far into the postbuckling region.

As observed, the analytical MDOF solution and ABAQUS
give almost identical results while the closed-form solution
predicts too stiff load-shortening responses.

d =90 degrees (¢ = 0). As before, the sharp bend in the axial
load curve (o1) in Fig. 6 illustrates a significant biaxial load
redistribution when passing the minimum eigenmode m = 1.
Howeyver, in this case it is associated with a continuous increase
in transverse load and an unloading in the axial load from
compression to tension when the plate is shortened transversely
(e2) far into the postbuckling region. Fig. 11 shows the
corresponding load-shortening curves assuming geometrical
imperfections in the minimum eigenmode m = 1 only.

The interesting observation is the radical loss of stiffness
in the transverse load o7 direction and the change to negative
stiffness in the axial load direction. The loss of transverse
stiffness is typically more than 80% compared to stiffness of
the unbuckled plate.

It is also observed that the analytical MDOF solution and
ABAQUS gives almost identical results while the closed-
form solution predicts a somewhat too stiff load-shortening
response.
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Fig. 10. Calculated load-shortening curves valid for proportional strain path
d = 45 degrees. Rectangular plate: ¢ = 3000 mm, b = 1000 mm, ¢ =
17 mm. Curves are valid for small geometrical imperfections (0.17 mm) in the
minimum eigenmode m = 1.
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Fig. 11. Calculated load-shortening curves for proportional strain path d = 90
degrees. Rectangular plate: = 3000 mm, > = 1000 mm, ¢+ = 17 mm. Curves
are valid for small geometrical imperfections (0.17 mm) in the minimum
eigenmode m = 1.

d = 106.7 degrees. Fig. 6 shows a significant biaxial load
redistribution with the continuously increasing transverse load
while an axial tension load built up in the longitudinal direction.

Fig. 12 shows the corresponding load-shortening curves as-
suming geometrical imperfections in the minimum eigenmode
m = 1 only. As for the d = 90 degree case, the interesting
observation is the radical loss of stiffness for the transverse
load o5 beyond the eigenvalue boundary. The loss of stiffness
is typically more than 70% compared to an unbuckled plate
solution.

Again, it is observed that the analytical MDOF solution
and ABAQUS give almost identical results while the closed-
form solution predicts somewhat too stiff load-shortening
responses.



2642 E. Steen et al. / Engineering Structures 30 (2008) 2631-2643

0 Closed form, m=1imperf., Sigma 2 o ABAQUS, m=1 imperi., Sigma 1
o ABAQUS, m=1 imperf., Sigma 2

— analytical MDOF, m=1 imperf., Sigma 2 o Closed form, m=1 imperf., Sigma 1

— analytical MDOF, m=1 imperf., Sigma 1

10
t2
w
© 1
=
©
08
0.6
o
M HDD\D_JD) (E o @
v 5 u}_g_ﬂ.ﬁo-—-“"'“
LS
A" Jjj:'/)
—— 8-ty T |
-0.2 02 04 th 112 1.4
-2 =R
o4 s

<
[=2]

eylep

Fig. 12. Calculated load-shortening curves for proportional strain path d =
106.7 degrees. Rectangular plate: ¢ = 3000 mm, » = 1000 mm, ¢t =
17 mm. Curves are valid for small geometrical imperfections (0.17 mm) in the
minimum eigenmode m = 1.

6. Conclusions

An analytical closed-form solution and a more advanced
analytical MDOF plate model are developed in a form suited for
studying the biaxial load redistribution and change of in-plane
stiffness (membrane) behaviour of elastically buckled plates. A
specific example is analysed in detail and the results from the
analytical models are validated against nonlinear finite element
results obtained using the computer program ABAQUS [21].

The comparisons show that the developed analytical MDOF
model gives almost identical results to the ABAQUS analyses
over the whole range of example parameters. The closed-form
solution (SDOF) shows good correlation with the other two
solutions as long as the deflection shape is relatively short
waved as typical for low aspect ratio plates (a/b < 2) or axially
dominated loading on long rectangular plates.

The results presented, and the structural response observed,
highlight stiffness changes and load shedding properties
of elastically buckled plates compressed biaxially under
plate-shortening control. It is shown that significant load
redistribution takes place under a prescribed biaxial plate-
shortening ratio as typical for plate elements being a part of
larger plate structures. This leads to very different stress levels
in the plate as compared to results from linear analysis used in
normal ship design procedures.

Technically, the biaxial load shedding properties of
elastically buckled plates signify the importance of including
all relevant coupling terms in simplified macro-material
formulations used for linear as well as nonlinear global strength
assessments of ships etc. Moreover, it is also shown that the
lowest postbuckling stiffness is not always associated with the
minimum eigenvalue mode, a feature which is important to
consider for lower bound strength assessments.

The MDOF model presented herein is implemented into the
computerized buckling code PULS developed by Det Norske
Veritas [19].
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