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Abstract

A semi-analytical method for pre- and postbuckling analysis of imperfect plates with arbitrary stiffener arrangements, subjected to in-

plane biaxial and shear loading, is presented. By using large deflection theory in combination with the Rayleigh–Ritz approach on an

incremental form, the method is able to trace both local and global equilibrium paths. Ultimate strength predictions are made using the

von Mises’ yield criterion applied to the membrane stresses as collapse criterion. A Fortran computer program based on the presented

theory is developed and computed results are verified by comparisons with nonlinear finite element analysis. Relatively high numerical

accuracy is achieved with small computational efforts. The method is therefore suited also for design optimisation and reliability studies.

r 2007 Elsevier Ltd. All rights reserved.

Keywords: Stiffened plates; Arbitrary stiffener arrangement; Ultimate strength; Semi-analytical method; Large deflection theory; Local–global bending

interaction; Buckling; Postbuckling; Rayleigh–Ritz method
1. Introduction

The traditional design approach of stiffened plates in
ships, offshore installations, steel bridges, aircrafts, etc., is
to use explicit design formulas [1–3]. These are limited to
regularly stiffened plates. For more complex plate geome-
tries and stiffener arrangements, other methods must be
applied. Finite element analysis, involving model genera-
tion, numerical computation and postprocessing, will
normally be very time consuming. Computational methods
using a semi-analytical approach for buckling and strength
analysis of stiffened plates are becoming more common,
not least due to their computational efficiency and user-
friendliness.

A semi-analytical method for analysis of buckling and
strength of plates with arbitrary stiffener arrangement is
presented in Brubak et al. [4] for constant thickness plates,
and in Brubak and Hellesland [5] for plates with varying,
stepwise constant thickness. These studies make use of a
displacement magnifier approach involving the eigenvalue
and eigenmode calculated using small deflection theory,
e front matter r 2007 Elsevier Ltd. All rights reserved.
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and finally stress computations using large deflection
theory. This displacement magnifier approach implies that
it is not capable of predicting the reserve strength beyond
the elastic buckling load. Although neglecting the reserve
strength may be a sound design approach in practical cases
where the structural elements are not allowed to buckle
elastically, it is still of interest to be able to trace the
nonlinear postbuckling behaviour beyond the elastic
buckling load.
For such tracing, more advanced semi-analytical meth-

ods using large deflection theory for both the displacements
and the stress calculations can be applied. For regularly
stiffened plates, a usual approach is to consider a model
consisting of a plate field with only one or two stiffeners
included. Such an approach for local bending has been
presented by Byklum and Amdahl [6]. In Byklum et al. [7],
it has been shown that such local pre- and postbuckling
analysis may be used to provide anisotropic stiffness
coefficients that may be used in an orthotropic plate
theory to analyse the global buckling and postbuckling
response of stiffened plates. In such formulations, it is not
possible to analyse a plate provided with stiffeners of
different profiles, unequal stiffener spacing or linear
varying applied stress in the direction of the stiffeners,
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etc. In other approaches, the entire stiffened plate field is
included. Such an approach has been presented by Paik
and Lee [8]. In that work, involving regular stiffeners
modelled by beams, the stiffener model is not able to
capture an asymmetric bending behaviour. A review
of additional semi-analytical methods is given in Brubak
et al. [4].

The semi-analytical methods for nonlinear postbuckling
analysis mentioned above are restricted to regular stiffen-
ers. In the present work, the main objective has been to
present a semi-analytical, large deflection theory model for
biaxially and shear loaded (in-plane) plates with regular or
irregular stiffeners. The model should be able to capture
the interaction between local and global plate bending, and
be able to trace the pre- and postbuckling response
including asymmetric effects, and to predict the reserve
strength beyond the elastic buckling load. It is based on an
incremental form of the Rayleigh–Ritz method and follows
the general solution strategy outlined by Steen [9] and
Byklum et al. [6]. The entire stiffened plate field is
modelled, and thus the present model does not have the
same restrictions as that of models with only one or two
stiffeners and a segment of the plate field included in the
model formulation. On the other hand, the present stiffener
modelling is simplified and is not capable of predicting
local failure modes of the stiffeners, which, consequently,
must be designed such that they do no buckle prematurely.
The plates may have regular or arbitrarily spaced and
oriented stiffeners, and they may have various restraints at
plate edges and in the interior of the plate. Arbitrary
stiffeners may be real or they may be included to enclose
complex plate geometries, such as triangular, trapezoidal
and other plate shapes.

2. Plate definition and boundary conditions

A stiffened plate is usually a part of a larger structure
surrounded by adjacent girders and plates, and its
boundaries are typically supported with strong long-
itudinal and transverse girders or strong flanges preventing
out-of-plane displacements. In some cases, for example in
Fig. 1. (a) Stiffened plate subjected to in-plane shear stress and in-plane, linear

stiffener.
the stern or in the bow of a ship, the stiffener arrangement
may be irregular. For such plates and for girder webs, the
stiffeners are often sniped at their ends, and thus not
subjected to any external loads at their ends. In a case with
regular stiffeners, the stiffeners are often attached to the
surrounding structure which will impose in-plane stresses
at stiffener ends (continuous stiffeners).
The model formulations are derived by considering the

plate in Fig. 1(a). The number of stiffeners may be
arbitrary and the cross-section profiles may by eccentric
as in Fig. 1(b), or symmetric about the middle plane of the
plate. In the figure, a typical open stiffener profile is shown,
but the stiffener profile can also be closed. The plate is
provided with supports preventing out-of-plane displace-
ments along all the outer boundaries, and the edges are
forced to remain straight, but free to move in the in-plane
directions. A boundary or a part of a boundary may be
simply supported, clamped or something in between. In
addition to the stiffeners, translational and rotational
springs can be added along arbitrary oriented lines, in
order to model restraints by a surrounding structure at the
edges or in the interior of the plate.
The loading may consist of a combination of in-plane

shear stress and linear varying in-plane compression or
tension stress. Positive directions are shown in Fig. 1(a).
The total stress along the plate edges are those shown in
Fig. 1(a) plus those required to maintain straight edges.
The latter stresses are obtained from the present analysis,
and their resultant over the length of an edge is zero.
The stiffeners are modelled as beams with out-of-plane

bending stiffness only. The method can therefore not
predict local stiffener failure modes (including lateral
torsional buckling). This may not imply any severe
limitation in practical design as given constructional
stiffener requirements and design rules normally prevent
local instabilities of stiffeners. Further, in a design
situation, the stiffeners are usually dimensioned to be
sufficiently strong such as to prevent global bending
behaviour. In such cases, the stiffeners will not be subjected
to additional stress due to global bending, and local
instabilities of stiffeners are even more unlikely.
varying compression or tension stress, and (b) cross-section of an eccentric
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3. Material, kinematics and equilibrium

The material is assumed to be linearly elastic with
Young’s modulus E and Poisson’s ratio n. Normal stresses
and strains are defined to be positive in tension, i.e.,
opposite to the definition of applied normal stresses in
Fig. 1(a). Positive definition of shear stresses is the same as
of Sxy in the figure.

In the postbuckling range, out-of-plane displacements
(deflections) may become significant compared to the plate
thickness. To be able to predict such displacements and
resulting stress redistributions with sufficient accuracy, the
basic premises for the conventional nonlinear plate theory
for large deflections, or rather moderately large deflections
[10], or theory for intermediate class of deformations [11],
is adopted. It is based on the assumptions of small in-plane
strains and large rotations at the middle plane (i.e., for
membrane strains). Further, for the additional bending
strain, small rotations are assumed such that linearised
curvature expressions can be used. The theory further
implies Kirchhoff’s two classical thin plate assumptions
that (1) normals to the middle plane remain normal to the
deflected middle plane, and that (2) normal stresses in the
transverse direction are negligible. The first of these
assumptions leads to bending strains that vary linearly
(with z) across the plate thickness, and the second allows
for the use of Hooke’s law for plane stress. For the
stiffeners (beams), comparable beam assumptions (‘‘plane
sections remain plane’’ and Hooke’s law for uniaxial stress)
are adopted.

The total in-plane normal strain ð�Þ and shear strain ðgÞ
in a material point can now be defined by

�x ¼ �
m
x � zw;xx; �y ¼ �

m
y � zw;yy, ð1Þ

gxy ¼ gm
xy � 2zw;xy, ð2Þ

where the first terms are membrane strains and the second
terms are the bending strains. For a plate with an initial
out-of-plane imperfection w0 and additional out-of-plane
displacement w, the membrane strains become [12]

�m
x ¼ u;x þ

1
2
w2
;x þ w0;xw;x, ð3Þ

�m
y ¼ v;y þ

1
2w

2
;y þ w0;yw;y, ð4Þ

gm
xy ¼ u;y þ v;x þ w;xw;y þ w0;xw;y þ w0;yw;x, ð5Þ

where u and v are the displacements of the middle plane of
the plate in the x- and y-direction, respectively. Subscripts
preceded by a comma are used in normal fashion to denote
partial derivatives (w;x ¼ qw=qx;w;xx ¼ q2w=qx2, etc.).

In-plane stresses are expressed through Airy’s stress
function F ðx; yÞ, defined by sm

x ¼ F ;yy, sm
y ¼ F ;xx and

tm
xy ¼ �F ;xy. By differentiation and combination of
Eqs. (3)–(5), a compatibility equation for the in-plane
strains can be derived. By substituting strains from
Hooke’s law for plane stress and Airy’s stress function
into this equation, the following nonlinear plate compat-
ibility equation [12] is obtained:

r4F ¼ Eðw2
;xy � w;xxw;yy þ 2w0;xyw;xy

� w0;xxw;yy � w0;yyw;xxÞ. ð6Þ

The in-plane equilibrium of the plate is identically
satisfied by the use of Airy’s stress function. The out-of-
plane equilibrium will be satisfied using the principle of
stationary potential energy (Rayleigh–Ritz method).

4. Model discretisation

A set of continuous functions defined by

w0ðx; yÞ ¼
XM
i¼1

XN

j¼1

bij sin
pix

L

� �
sin

pjy

b

� �
, (7)

wðx; yÞ ¼
XM
i¼1

XN

j¼1

aij sin
pix

L

� �
sin

pjy

b

� �
(8)

are assumed for the initial out-of-plane displacement
imperfection ðw0Þ and the additional out-of-plane displace-
ments ðwÞ, respectively (positive upwards in Fig. 1). Here,
aij are the unknown out-of-plane displacement amplitudes,
bij are known imperfection amplitudes, L is the plate length
(in the x-direction) and b the plate width (in the
y-direction).
Although each component in a series of sine functions

represents a simply supported condition, added together
they are nearly able to describe also a clamped, or partially
restrained, condition. The assumed displacement field is
therefore able to handle plates with rotational various
boundary conditions along the edges.
The well known solution of Eq. (6) proposed by Levy

[13] is assumed. With the assumed displacement field, it can
be given on the form

F ðx; yÞ ¼ F L þ F NL, (9)

where the terms

FL ¼ � S1
x

y2

2
� ðS1

x � S2
xÞ

y3

6b
� S1

y

x2

2

� ðS1
y � S2

yÞ
x2

6L
� Sxyxy, ð10Þ

FNL ¼
X2M

i¼0

X2N

j¼0

f ij cos
ip
L

x

� �
cos

jp
b

y

� �
ð11Þ

represent a linear and a nonlinear stress variation over the
plate surface, respectively. Here, the coefficients f ij are
functions of the amplitudes of w and w0. External stresses
(S1

x, etc.) are defined in Fig. 1.
The first term ðF LÞ represents the applied edge stresses

and the second term ðFNLÞ the redistribution due to out-of-
plane displacements. The coefficients f ij are found by
substituting F ðx; yÞ, w and w0 into the nonlinear
plate compatibility equation, Eq. (6), and are given in
Appendix A.
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5. Load and response propagation

Any loading history can be approximated by a series of
piecewise linear load paths (intervals) through a set of
specified (reference) load stages (points) [9,6]. Present
computations are restricted to proportional loading that
can be expressed by

SiðLÞ ¼ LSi0, (12)

where i ¼ x; y;xy. Si0 is an applied reference component
and L is a load parameter with values between 0 and 1.

In load control analyses, L is specified and the
corresponding displacements are computed. In displace-
ment or arc length control analyses, on the other hand, L
will be a function of either a specified displacement or of an
arc length along the equilibrium path. In the present paper,
load–displacement histories are traced using the incremen-
tal procedure presented in Steen [9], in which an arc length
parameter Z is chosen as the propagation (incrementation)
parameter. The arc length along the equilibrium curve is
always increasing and may be considered a pseudo-time. It
is therefore a most suitable propagation parameter.

A non-dimensional arc length increment parameter DZ
can be related to an increment DL in the load parameter as
illustrated in Fig. 2. From geometrical considerations, the
relation given by

_L
2
þ
XM
i¼1

XN

j¼1

_a2
ij

t2
¼ 1 (13)

is obtained as the increment size approaches zero. The
plate thickness t is introduced in order to obtain dimen-
sional consistency.

The load parameter L and displacement amplitudes aij

are now functions of the arc length parameter Z. For an
increment DZ from point ‘‘k’’ to ‘‘k þ 1’’ along the
equilibrium curve, a Taylor series expansion gives

akþ1
ij ¼ ak

ij þ _ak
ijDZþ

1
2
€ak

ijDZ
2 þ � � � , ð14Þ

Lkþ1 ¼ Lk þ _L
k
DZþ 1

2
€L

k
DZ2 þ � � � . ð15Þ

Above, the ‘‘dot’’ notation is introduced for partial
differentiation with respect to Z, e.g., _L ¼ qL=qZ,
€L ¼ q2L=qZ2, etc. In the present paper, second and higher
ΔΛ

Δ�

Λ

Fig. 2. Definition of the propagation parameter DZ for a case with one

amplitude aij .
order terms are neglected. The resulting first order
expansion is an approximation that is usually called the
Euler or Euler–Cauchy method. By introducing equili-
brium corrections after each increment DZ, such as in Riks’
arc length method [14], the accuracy of the method for a
given number of increments would be improved. Alter-
natively, the second order terms in Eqs. (14) and (15) can
readily be included [9] to improve accuracy. Based on
computational comparisons, Byklum [15] concluded that
computational gains are not likely to be achieved by
retaining second order terms as compared to use of only
first order terms in combination with smaller increments
DZ. Still another alternative is the improved Euler method
(Heun’s method), which is a predictor–corrector method
[16]. It was considered in the present work, but not
implemented as significant computational gains (efficiency)
were not expected compared to the standard Euler method
with smaller increments.

6. Solution procedure

At a specific state ‘‘k’’ in the propagation process, the
displacement rates ð _aijÞ can be determined from the
equilibrium equations on rate form and Eq. (13). The
solution at state ‘‘k þ 1’’ can then be obtained as described
above from

akþ1
ij ¼ ak

ij þ _ak
ijDZ; Lkþ1 ¼ Lk þ _L

k
DZ. (16)

According to the principle of stationary potential energy,
equilibrium requires that the total potential energy
P ¼ U þ T , has a stationary value, i.e., dP ¼ dUþ

dT ¼ 0. Here, U is the strain energy and T is the potential
energy of the external loads. This requirement on rate
form, d _P ¼ d _U þ d _T ¼ 0, leads to the M �N equations
given by

q _P
qafg

¼
q _Uplate

qafg

þ
q _Tplate

qafg

þ
q _U stiff

qafg

þ
q _T stiff

qafg

¼ 0, (17)

where f ¼ 1; 2; . . . ;M and g ¼ 1; 2; . . . ;N. By grouping the
various contributions, these M �N equations can be
written as

q _P
qafg

¼ Kfgpq _apq þ Gfg
_L ¼ 0, (18)

where

Kfgpq ¼
q2P

qafgqapq

and Gfg ¼
q2P

qafgqL
. (19)

Above, the index notation with the Einstein summation
rule for repeated indexes is adopted. Alternatively, in the
common matrix notation, the stationary potential energy
on rate form can be written as

K_aþG _L ¼ 0, (20)

where K is a generalised, incremental (tangential) stiffness
matrix with dimension ðM �NÞ � ðM �NÞ, �G _L is a



ARTICLE IN PRESS

Fig. 3. Illustration of the strain distribution �sðzÞ in an eccentric stiffener

of plate in global bending.

L. Brubak, J. Hellesland / Thin-Walled Structures 45 (2007) 620–633624
generalised, incremental load vector and _a is a displace-
ment amplitude rate vector.

Eq. (18) (or (17)) represents M �N linear equations in
the M �N þ 1 unknowns ( _akl and _L). Eq. (13) is the
additional equation required. The solution of Eq. (18) is
given by

_apq ¼ _LK�1fgpqGfg ¼ _Ldpq where dpq ¼ K�1fgpqGfg. (21)

By substituting Eq. (21) into Eq. (13), the following
equation is obtained:

_L
2

t2 þ
XM
p¼1

XN

q¼1

d2
pq

 !
¼ t2 (22)

from which the load rate parameter _L can be determined as

_L ¼ �
tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 þ
PM

p¼1

PN
q¼1d2

pq

q . (23)

There are two possible solutions with the same numerical
value, but with opposite signs. One solution is in the
direction of an increasing arc length and one in the
opposite direction. The solution of interest corresponds to
that giving a continuous increase of the arc length. This is
assumed to be the solution which results in the smoothest
equilibrium curve. In the same manner as in Steen [9], this
is expressed by the requirement that the absolute value of
the angle between the tangents of two consecutive states
(‘‘k � 1’’ and ‘‘k’’) in the load–displacement ðL� apd=tÞ

space is smaller than 90�. Thus, for the correct sign of the
load rate _L

k
at state ‘‘k’’, the following criterion must be

satisfied:

XM
p¼1

XN

q¼1

_L
k dk

pq _a
k�1
pq

t2
þ _L

k�1

 !
40. (24)

An equivalent criterion for choosing the correct sign is
given in Byklum et al. [6].

When _L
k
at stage ‘‘k’’ is found, the displacement rate

amplitudes _ak
pq are given by Eq. (21). The displacement

amplitudes and load parameter at the next stage are then
found from Eq. (16). In this manner, the solution
propagation is continued until a specified limit, or given
criterion, is reached. The present solution procedure is
capable of passing limit points, including tracing of snap-
through and snap-back equilibrium curves.

The advantage of using stationary potential energy on
rate form is that it yields a set of linear equations in the
unknown displacement rates. In comparison, by using the
stationary of the potential energy directly, third order
equations in aij result, because the total potential energy P
in large deflection theory is of fourth order in the
amplitudes aij .

7. Potential energy of the plate and restraints

The potential strain energy of the plate and the potential
energy of the external stress along the plate edges give
contributions to the incremental stiffness matrix and the
incremental load vector, respectively. The potential strain
energy of the plate can be divided into a bending energy
and membrane energy contribution, since the coupling
term becomes zero when integrated over the plate
thickness. The bending strain energy is of quadratic order
in the displacement amplitudes and thereby gives a
constant contribution to the incremental plate stiffness
matrix (Eq. (18)) and, thus, needs to be calculated only
once. The membrane energy is of fourth order in aij and its
contribution to the incremental stiffness is of second order.
Consequently, it must be computed for each new propaga-
tion increment. The plate’s energy contributions on the rate
form are given and discussed in more detail in Byklum [15]
and Byklum et al. [6] and is not repeated here.
Both the out-of-plane displacements and the rotations

along an arbitrary oriented line with length S may be
restrained by applying translational and rotational springs,
respectively. The strain energy due to such springs can
readily be established [4]. Further details on energy rates
for springs (obtained by differentiation) are not given here.
8. Potential energy of stiffeners

8.1. Sniped stiffeners

The stiffeners are modelled using beam theory in which
the curvature of a stiffener is taken equal to the plate
curvature in the direction of the stiffener ðw;ssÞ and in which
the strain in a stiffener and the plate are equal at their
intersection. These strains comply with moderately large
deflection theory as reviewed previously. Fig. 3 illustrates
how an eccentric stiffener of a plate in global bending tends
to lift the axis of bending a distance z ¼ zc above the
middle plane of the plate. In a simplified manner, the
stiffener strain �s to be used in energy calculations is
assumed to have the distribution

�sðzÞ ¼ �
m
s � ðz� zcÞw;ss, (25)

where �m
s is the plate membrane strain in the direction

along the stiffener as computed without the shift-of-axis
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effect. The shift of axis will also affect plate strains.
However, integrated over the entire plate, the effect of a
local shift of axis of bending on the plate strain energy is
considered to be negligible.

The strain �m
s can be expressed in terms of the coordinate

membrane strains from a regular strain transformation.
Then, replacing the coordinate strains by coordinate
stresses according to Hooke’s law, and these stresses again
by Airy’s stress function (Eq. (9)), plate membrane strains
�m

s can be expressed by

�m
s ¼

1

E
ðkxF ;yy þ kyF ;xx þ kxyF ;xyÞ. (26)

Here, kx ¼ cos2 y� n sin2 y, ky ¼ sin2 y� n cos2 y and
kxy ¼ �ð1þ nÞ sin 2y. For a stiffener with length Ls and
end coordinates ðx1; y1Þ and ðx2; y2Þ, the angle between the
x-axis and the stiffener becomes y ¼ arccosððx2 � x1Þ=LsÞ.
The strain �m

s in Eq. (26) consists of a linear contribution
(due to FL) and a nonlinear contribution (due to FNL) due
to the stress redistribution.

By substitution of Eq. (25) into the general strain energy
expression, the strain energy of a stiffener with cross-
section area As can be given by

U stiff ¼
E

2

Z
Ls

Z
As

�2s dAs dLs

¼
E

2

Z
Ls

Z
As

ðz� zcÞ
2w2

;ss � 2�m
s ðz� zcÞw;ss

�
þð�m

s Þ
2
�
dAs dLs, ð27Þ

where w;ss is the partial double derivative of w with respect
to the direction along the stiffener. It can be obtained from
the dot product between the unit direction vector s ¼

ðLxiþ LyjÞ=Ls in the direction of the stiffener and the
gradient vectors r ¼ iq=qxþ jq=qy as

w;ss ¼ rðrw � sÞ � s ¼
1

L2
s

ðL2
xw;xx þ 2LxLyw;xy þ L2

yw;yyÞ,

(28)

where Lx ¼ ðx2 � x1Þ and Ly ¼ ðy2 � y1Þ. The strain energy
integral may be solved analytically or by numerical
integration. The latter is chosen in this paper.

For plates, the quadratic membrane strain term in the
strain energy gives rise to a postbuckling reserve strength
due to stress redistribution of the in-plane stresses. Such a
stress redistribution is not possible for beams (stiffeners),
and their postcritical reserve strength is much smaller.
Consequently, the contribution of the quadratic �m

s term in
Eq. (27) is rather small. In addition, this contribution is
computationally rather expensive when the number of
terms in the assumed Airy’s stress function (Eq. (11)) is
large, and it is conservatively neglected in the present
model. Thus, the adopted strain energy expression of a
stiffener becomes

U stiff ¼
EIe

2

Z
Ls

w2
;ss dLs � ecEAs

Z
Ls

w;ss�
m
s dLs, (29)
where ec ¼ zsc � zc is the distance from the axis of bending
(at z ¼ zc) to the centre of the stiffener area (at z ¼ zsc) and
Ie is the effective moment of inertia. The rate form of the
contribution of the potential stiffener strain energy is given
in Appendix A.
For eccentric stiffeners, the shift of the axis of bending

brings in a contribution also from the plate. In order to
account for this, Ie can be given by

Ie ¼

Z
As

ðz� zcÞ
2 dAs þ tbez2c , (30)

where zc is the distance from the middle plane of the plate
to the centroidal axis (through the centre of area) of a
cross-section consisting of the stiffener and a portion of the
plate with an effective width be. The moment of inertia of
the effective plate width about its own axis is not included
in Ie as it is included in the energy of the plate itself. For a
symmetric stiffener, zc ¼ 0 in Eq. (30). Also for eccentric
stiffeners, use of zc ¼ 0 (for an infinite be) represents a
reasonable simplification in many cases. Nevertheless, use
of zc ¼ 0 may give somewhat non-conservative results for
eccentric stiffeners in some cases. Possibly, be should not be
taken greater than about 20t in practical design work [4].
The torsional stiffness of the stiffeners may be accounted

for by including the torsional energy contribution. This is
essential in conjunction with torsionally stiff, closed
stiffener profiles. In the open stiffener profile examples of
the present paper, the torsional stiffener stiffness is
neglected. This is normally acceptable for such profiles.

8.2. Continuous stiffeners

Continuous stiffeners can be included in the model
formulation by including the potential energy of the
external stiffener loads. For stiffeners oriented in the
x-direction, the resultant force acting on the two ends of a
stiffener is equal if the bending modes are symmetric or
asymmetric about y ¼ b=2. For such cases, which are the
most common cases, the potential energy of the external
loads on one stiffener is taken according to

T stiff ¼ �PsxDsx � Psxecw2;x þ Psxecw1;x, (31)

where Psx ¼ �Assm
x ¼ �AsF ;yy is the resultant force

(positive in compression) acting on the stiffener. The
corresponding rotations at end 1 and end 2 are w1;x and
w2;x, respectively. For a plate subjected to constant external
stress distributions, Dsx is taken as the plate shortening
given by

Dsx ¼ �

Z L

0

u;x dx ¼ �

Z L

0

�mx �
1

2
w2
;x � w0;xw;x

� �
dx (32)

or following integration by

Dsx ¼ L
Sx0L

E
� n

Sy0L

E

� �
þ

p2

8L

XM
i¼1

XN

j¼1

i2ða2
ij þ 2aijbijÞ.

(33)
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This shortening is independent of y. The two last terms in
Eq. (31) are due to the rotation of the stiffener about the
y-axis at the stiffener ends. The rate form of the
contribution of Eq. (31) is given in Appendix A.

Eq. (31) is similar to, but more general than, an
expression for potential energy of external stiffener loads
given by Steen [17], who considered a plate with only one
degree of freedom and with stiffener bending about the
plate plane ðzc ¼ 0Þ.

For the local bending cases, which is of most practical
interest, the stiffeners will remain nearly straight and only
contribute negligibly to the total external energy. Then it
makes little difference whether the stiffeners are sniped or
continuous. The difference in the resulting force is equal to
the additional load carried by the continuous stiffeners in
such cases.

9. Verification premises

The theory presented in this paper has been implemented
into a Fortran 90 computer program, and computed results
have been verified for a variety of plate and stiffener
dimensions by comparisons with large displacement, finite
element analyses using ANSYS [18] in which both plate
and stiffeners were modelled using Shell93 elements. Only
proportional loading is considered (linear load paths). The
external stresses are constant along the plate edges. Results
are presented for biaxially, in-plane loaded plates provided
with eccentric, sniped stiffeners and with regular and
irregular stiffener arrangements. The stiffeners extend from
the plate in the positive z-direction. For verification
purposes, the imperfection distribution is taken, except
when noted otherwise, as the first eigenmode calculated by
ANSYS and the present model, respectively. If not noted
otherwise, a maximum imperfection amplitude w0;max ¼

5mm in the positive z-direction is used. The elastic material
properties are Young’s modulus E ¼ 208 000MPa and
Poisson’s ratio n ¼ 0:3.

Two different types of analysis results are presented in
the consecutive sections. First, load–displacement curves
(equilibrium paths) are computed by the present model and
ANSYS for elastic plates. Second, predicted ultimate
strengths for a plate with a material yield strength f Y ¼

235MPa are compared with fully nonlinear ANSYS
analysis. The ANSYS analyses are performed with a
bilinear stress–strain relationship having the same material
properties E, n and f Y as above, and additionally a
hardening modulus ET ¼ 1000MPa.

The finite element model is supported in the out-of-plane
direction along the edges of the plate, and the edges are
forced to remain straight during deformation. The plate is
also supported in the in-plane directions, just enough to
prevent rigid body motions. Further, the ends of the sniped
stiffeners are completely free and not loaded.

The number of degrees of freedom used in ANSYS is
typically about 20 000, which is believed to ensure
satisfactory results. A typical element mesh is shown later
(Fig. 9). In comparison, 225 degrees of freedom ð15� 15Þ
are used by the present model in all cases. A rather small
value of DZ ¼ 0:01 is used in the comparisons with ANSYS
results.
10. Stiffener simplifications

The general strain energy expression of a stiffener
(Eq. (27)), which is in accordance with the moderately
large deflection theory assumptions, was simplified by
neglecting the term involving the quadratic membrane
strain ð�ms Þ

2. This simplification (to the safe side), leading to
Eq. (29), greatly increases the computational efficiency as
discussed previously.
Also the membrane strain �m

s in Eq. (29), can be
computationally quite costly. As defined by Eq. (26), �m

s

is a function of both a linear ðFLÞ and a nonlinear ðFNLÞ

stress variation (Eqs. (10)–(11)). The linear part does not
affect the computational time significantly. It is rather
simple, and its contribution to the incremental strain
energy needs to be calculated only once. The nonlinear
part, on the other hand, is a function of the out-of-plane
displacements through a series solution that may consist of
many terms (Eq. (11)) and that needs to be calculated for
each new increment in the solution propagation.
For a plate with a single, eccentric stiffener considered

below, the effect of neglecting the nonlinear part ðFNLÞ was
to reduce the computational time, for a given number of
increments, by a factor of about 30. In cases with multiple
stiffeners, the difference in computational time may
increase significantly.
It is consequently of considerable interest to establish

whether the nonlinear FNL part can be neglected or not.
Although not of much importance from a computational
time point of view, it is also of interest to study the effect of
neglecting the membrane strain altogether, for instance by
taking F ¼ 0 or by neglecting the second term in the energy
expression Eq. (29). This would give correct results for
symmetric stiffeners (with ec ¼ 0). For eccentric stiffeners,
this simplification implies that the stiffener is treated as a
symmetric stiffener with an equivalent bending stiffness.
The various cases considered are listed below:
(a)
 �m
s computed with F ¼ FL þ F NL and be ¼ 30t.
(b)
 �m
s computed with F ¼ FL and be ¼ 30t.
(c)
 �m
s computed with F ¼ FL and zc ¼ 0.
(d)
 �m
s ¼ 0 (e.g., computed with F ¼ 0) and be ¼ 30t.
The case studied is a quadratic, simply supported plate that
is provided with an eccentric, sniped stiffener with a flat bar
profile. The stiffener is oriented along the middle of the
plate. The plate is subjected to a constant uniaxial external
stress in the stiffener direction. The maximum value of
both the additional out-of-plane displacement and the
imperfection is located in the centre of the plate. Thus, the
total displacement mode is global.
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Fig. 4. Global load–displacement curves of a uniaxially loaded plate with

an eccentric, flat bar stiffener—comparisons of results by ANSYS and the

present model with different stiffener simplifications.
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Fig. 4 shows load–displacement curves for the different
stiffener modelling approaches. The figure also shows the
results computed by ANSYS (open dots). The ‘‘complete’’
model ‘‘a’’ (thick, full line) is in good agreement with
ANSYS, but slightly to the non-conservative side. How-
ever, the difference is rather small and is considered to be
acceptable.

The effect of neglecting the nonlinear F NL part can be
seen by comparing curves ‘‘a’’ (thick line) and ‘‘b’’ (dashed
line). It is seen to be conservative in this case, since its
neglect results in a reduced plate stiffness and thereby
larger displacements for given loads. The reason for this
result can be discussed with reference to the last term of
Eq. (29). In the present case with global bending in the
positive z-direction, both �ms (compression) and w;ss are
negative. Thus, the last term in Eq. (29) reduces the stiffener
energy and stiffness. This reduction is greatest when FNL is
neglected, since, at the stiffener location at the middle of the
plate, the redistribution of stresses caused by FNL (out-of-
plane bending), tends to reduce the compression value of �m

s .
If the global imperfection shape had been added in the
negative z-direction, results of similar comparisons would be
reversed. However, this case is rather academic, as
imperfections to the same side as the eccentric stiffeners
are in total more unfavourable, as will be shown later.

In global bending cases with more than one stiffener, the
stress redistribution (F NL effects) may result in additional
compressive stresses in stiffeners close to the edges, and
reduced compressive stresses in the stiffeners near the
middle of the plate. Thus, the neglect of increased
compression in some stiffeners is partly compensated for
by reduced compressive stresses in other stiffeners. In
conclusion, it is usually acceptable to neglect FNL also in
such cases.

The effect of calculating the strain energy with zc ¼ 0
ðbe ¼ ‘‘1’’Þ, rather than with the more conservative value
be ¼ 30t, can be seen by comparing curve ‘‘c’’ (thin, full
line) with curve ‘‘b’’ in Fig. 4. The difference between the
two curves is rather small in this case with only one
stiffener.
In cases with local bending, the curvature of the

stiffeners will be small and thereby the strain energy
contribution of the stiffeners will be small. Thus, in such
cases, it is always a reasonable simplification to neglect the
nonlinear contribution in the Airy’s stress function. More-
over, it is also acceptable to include only the first integral in
Eq. (29) in such cases. The latter simplification was used by
Paik et al. [8] where it is stated that the effect of eccentricity
is not studied in detail. However, this simplification is not
recommended for the present, eccentrically stiffened plate
in global bending, as seen by curve ‘‘d’’ in the figure. It is
very non-conservative compared to the other curves.

11. Asymmetric bending behaviour

To demonstrate the ability of the present model to
handle the effect of eccentric stiffeners, the plate with one
eccentric, regular stiffener, described in Section 10
ðhw=tw ¼ 130=12mmÞ, and in addition the same plate with
a weaker stiffener ðhw=tw ¼ 100=12mmÞ, are analysed. The
plates are subjected to a uniaxial stress in the stiffener
direction. It was found in the previous section that the
displacement mode of the plate with the strongest stiffener
is global, and thereby this is also the case for the
other plate. For each plate, two different imperfections
are studied, one added in the positive z-direction ðw0;max ¼

5mmÞ and one in the negative z-direction ðw0;max ¼ �5mmÞ.
Fig. 5 shows the load–displacement curves calculated

with the stiffener modelling approach ‘‘a’’ (thick line) and
‘‘b’’ (dashed line), and by ANSYS (open dots). In the
figure, wm and w0;m are the additional and initial
displacement in the middle of the plate, respectively. The
asymmetry in the shape of the load–displacement paths
computed with positive and negative imperfections is due
to the eccentric stiffener (in positive z-direction). The
agreement between both modelling approaches and the
ANSYS results is good.
The elastic buckling stress limit (ESL) is also shown in

the figure (dash-dotted line). When the load–displacement
paths approach this stress, the displacements increase more
rapidly. For large displacements, the membrane stresses in
the plate become more important and will tend to stabilise
(stiffen) the response. This can be seen in Fig. 5(a).
Similar results for a plate provided with five regular

stiffeners are shown in Fig. 6. The bending mode of the
plate is global also in this case. Three different maximum
imperfection amplitudes are studied (w0;max=t ¼ �0:5;
�0:25 and 0.25). The results by the present models are
again in close agreement with the ANSYS results. Fig. 7
shows the total displacements along x ¼ L=2, at the load
Sx ¼ f Y , for the plate with a maximum initial imperfection
case w0;max=t ¼ 0:25. The overall out-of-plane displacement
mode is clearly global.
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Fig. 5. Equilibrium paths of a uniaxially loaded plate ðL=b=t ¼ 2000=2000=20mmÞ with one regular, flat bar stiffener with dimensions: (a) hw=tw ¼

100=12mm and (b) hw=tw ¼ 130=12mm.

Fig. 6. Equilibrium paths of a uniaxially loaded plate ðL=b=t ¼

2000=6000=20mmÞ with five regular, flat bar stiffeners (dimensions

hw=tw ¼ 130=12mm).

Fig. 7. Displacement profile along x ¼ L=2 for Sx=f Y ¼ 1 of a regular,

multi-stiffened plate with w0;max=t ¼ 0:25mm.
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The middle set of curves in Fig. 6 is of particular interest.
In this case, the effect of the negative imperfection
amplitude w0;max=t ¼ �0:25 is not large enough to over-
come the effect of the eccentricity of the external loading
(applied to the plate edges only). The corresponding total
displacement curves cross-over from the negative side to
the positive side at some load stage. For plates with
continuous stiffeners, with external stresses applied to both
plate and stiffeners, such ‘‘cross-overs’’ will not occur.
In practical design, the most conservative imperfection,

which is that in the positive z-direction, is usually used.
Further, for local bending cases, it does not affect the
results significantly whether the imperfection is added in
the positive or negative z-direction.

12. Irregularly stiffened plates

Plates with irregular stiffeners and a variety of plate and
stiffener dimensions have been analysed. A typical case is
shown in Fig. 8(a). The plate ðL=b=t ¼ 1000=3000=10mmÞ
is simply supported and is provided with two inclined,
sniped stiffeners with a T-section ðhw=tw=bf =tf ¼ 205=8=
100=10mmÞ. The rather irregular stiffener arrangement
should provide a rather severe test case.
In the analysis, the stiffener modelling approach ‘‘a’’

described in Section 10 is used. The non-dimensional load-
shortening curves calculated by the present model (thick,
full line) for two uniaxial and one biaxial load case shown
in Fig. 8(b), (c) and (d), respectively, are seen to be in good
agreement with the ANSYS results (open dots). The curves
are arbitrarily terminated at about Sx ¼ f Y . In the figure,
the end shortenings Dx is in the x-direction, Dy is in the
y-direction and �Y ¼ f Y=E is the yield strain ð¼ 0:00113Þ.
The elastic buckling stress limits (ESL) are also shown
(dash-dotted lines). When the plate response curves exceed
this stress, it can be seen that the plate stiffness is reduced.
The imperfection shapes, taken equal to the respective

first buckling modes, are local in these cases. The total
displacement mode ðw0 þ wÞ remains local for increasing
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Fig. 8. (a) Overview of a plate with two inclined stiffeners, and load-shortening curves of the plate subject to (b) uniaxial loading in x-direction,

(c) uniaxial loading in y-direction, and (d) biaxial loading ðSx ¼ SyÞ.

Fig. 9. The bending mode (by ANSYS) of the irregularly stiffened plate in

Fig. 8(a) subjected to a biaxial loading Sx ¼ Sy ¼ f Y .
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loading. This can be seen in Fig. 9. For such cases, results
will not be significantly affected if equal, but opposite
imperfections, had been used. Further, for local bending
cases, it makes little difference which of the stiffener
modelling approaches (discussed in Section 10) that are
used in the calculations.

13. Strength predictions

The ultimate strength limit of a plate, here shortened
USL, is obtained when the limit point (maximum point) of
the load–displacement curve is reached, i.e., when the curve
starts to drop caused by an instability. Whereas a fully
nonlinear finite element analysis, such as ANSYS, is able to
predict such limit points, semi-analytical procedures of the
kind presented here, is capable, when used in combination
with a suitable ‘‘collapse’’ criterion, of predicting approx-
imate USL loads. In such contexts, the von Mises’ first
yield criterion (i.e., se ¼ f Y ) is probably the most
commonly used criterion. The equivalent stress ðse ¼ ðs2x þ
s2y � sxsy þ 3t2xyÞ

1=2
Þ in this criterion is sometimes com-

puted at an outer plate surface [6], or taken equal to the
membrane stress [4,5,15].
The applicability of this criterion applied to the

membrane stresses in plates with irregular stiffeners is
considered in this section. The critical points at which the
von Mises’ membrane stress reaches first yield are typically
located in the plate along the edges and along the stiffeners.
By using membrane stresses, rather than stresses in the
outer fibres of the plate, some allowance is made for the
additional section strength that can be developed after
yielding in the outer fibres and for the stress redistribution
caused by plasticity.
USL predictions by the present method (thick, full line)

and by ANSYS (filled dots) are presented in Fig. 10 for the
plate provided with two irregular stiffeners described in
Section 12. Both biaxial compression–compression and
compression–tension load combinations are included. No
shear is applied. Also shown in the figure are elastic
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Fig. 10. Interaction curves in the stress space Sx2Sy for the plate with

irregular stiffener arrangement, described in Section 12.
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buckling stress limits (ESL), or eigenvalues, calculated by
the present model (thin, full curve) and by ANSYS (open
dots). The agreement between the two ESL curves is very
good. As mentioned previously (Verification premises), the
corresponding first buckling modes, which are all local
modes, are used as imperfections in the respective USL
predictions for a given combination of Sx and Sy. The
dashed USL results are based on another imperfection and
will be discussed later.

By comparing ESL and USL results, it can be seen that
the plate has a considerably reserve (postcritical) strength
beyond the elastic buckling limit in the first quadrant
(compression–compression combinations). This is typical
for slender (thin) plates.

The USL predictions by the present model compare well
with the fully nonlinear ANSYS results for a wide range of
biaxial load combinations. The agreement is particularly
good for cases with dominant compression in either the
x- or y-direction. It is least good, and non-conservative, in
cases with substantial compression in both directions, such
as in the area with the ‘‘nose’’, between about Sx ¼ 0:70Sy

and Sx ¼ 0:36Sy, indicated by the square brackets in the
figure.

In the region with the greatest discrepancy, the first few
elastic buckling stress (ESL) values are probably quite close
to each other, and other buckling modes than the first
mode might possibly represent a more unfavourable
imperfection. To investigate this, two additional imperfec-
tion shapes, corresponding to the elastic buckling modes
obtained with uniaxial compression in the x- and
y-direction, respectively, are considered. USL predictions
by the present model have been obtained for both of these
imperfections, and the lowest of the resulting values for
each load combination is shown in Fig. 10 by the dashed
line. These USL results compare much better with the
ANSYS results than the previous (full, thick curve) ones.
Ultimate strength predictions by the present model

clearly appear to be very sensitive to different imperfection
assumptions. This might be especially true for such a
slender plate as in this case study. The same is not the case
with ANSYS predictions. Results based on the first
buckling mode as well as on the two other modes discussed
above have been obtained and are found to be very close.
The reason for this might be that the development of
plasticity in the ANSYS model possibly facilitates a
smooth change in out-of-plane displacement shape to the
most unfavourable shape almost irrespective of which of
the three imperfection shapes that are used.
Due to the imperfection sensitivity of the present model,

it seems recommendable to base the USL prediction, for a
given load combination, on the lowest of the values
obtained with imperfection shapes based on the first few
(2–3) buckling modes. With appropriate simplifications in
the stiffener modelling, as discussed previously, the method
will still be computational efficient.
Based on the results above, von Mises’ first yield

criterion applied to membrane stresses seems like an
acceptable strength criterion. Similar agreement has also
been found by others [15]. It is emphasised, however, that
all the plates referred to above had local out-of-plane
displacement (buckling, postbuckling) shapes. This is in
practise the most relevant case. For thicker plates and for
stiffened plates in global bending, for which bending
stresses become more important, indications are that a
membrane stress criterion may not be sufficiently con-
servative in all cases. Membrane-bending stress interaction
criteria, criteria related to stress limitations in the stiffener,
etc., are possible topics for further study.

14. Step size and computational efficiency

In computations by the present model, the physical step
size along the equilibrium path is dependent on the chosen
propagation parameter value DZ and the chosen size of the
load interval, which is here equal to the chosen reference
values Sx0, etc. The maximum reference value is taken
equal to 1.5 f Y . This is sufficiently large to allow the
maximum membrane stress to reach von Mises’ yield
criterion in strength computations.
The influence of the step size DZ on the accuracy of

ultimate strength predictions is presented in Fig. 11. In the
calculations, the nonlinear term in the Airy’s stress
function is neglected in the stiffener formulation
ðF ¼ FLÞ. The inverse of the propagation parameter
ð1=DZÞ gives an indication of how many increments that
are used in a calculation. In the figure, the ultimate
strengths are plotted relative to a ultimate strength
Sx;250 predicted with a very small value of DZ ¼ 0:004
ð1=DZ ¼ 250Þ. In the results presented previously,
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Fig. 11. Strength versus DZ�1 for the irregularly stiffened plate in

Fig. 8(a). Subjected to uniaxial loading Sx.
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DZ ¼ 0:01 ð1=DZ ¼ 100Þ was used, and from the figure, it is
clear that the strength predictions have converged for this
value.

Larger propagation parameter values can be justified in
order to reduce the computation time. The calculated
strength with DZ ¼ 0:04 is only about 1.1% larger than
Sx;250, which is clearly acceptable in practical design. For a
given loading and given premises ðM �N ¼ 15� 15;
DZ ¼ 0:04Þ, the CPU time for a strength prediction using
the computer program, which has not yet been optimised
with regard to speed, is typically 7–8 s on a medium fast
computer (1.5GHz processor, 512MB RAM memory). In
comparison, the CPU time for the same case with DZ ¼
0:004 is about 60 s.

For irregular stiffener cases, it has been found that
predicted ultimate strength results may be up to 6–7%
greater than those that would have been obtained with two
to three times the number of terms in each direction in the
assumed displacement solution (Eq. (8)). If a convergence
test is not carried out in a practical design situation, it
would be appropriate to reduce the predicted strength by
an amount of this order.

15. Concluding remarks

An efficient computational model for large deflection
analysis of plates with arbitrary stiffener orientations has
been presented and verified by comparison with finite
element analysis results using ANSYS. The model is able to
trace the plate response beyond the elastic buckling load. It
is able to capture both local and global displacement
modes as well as the asymmetric global bending behaviour
of plates with eccentric stiffeners.

The accuracy and computational efficiency of different
stiffener modelling approaches have been considered. It
was found that by neglecting the nonlinear part ðFNLÞ of
Airy’s stress function ðF ¼ F L þ F NLÞ in the stiffener strain
expression, the computation time is reduced by more than
a factor of 30. The linearised stiffener strain approximation
gives sufficient accuracy and is a conservative approxima-
tion in most practical cases.
Ultimate strengths were predicted by the present method
using von Mises’ yield criterion to the membrane stresses.
This criterion may be somewhat non-conservative for thick
plates and plates in global bending, in which cases the
bending stress becomes more important. Alternative
criteria for such cases are possible topics for further study.
Ultimate strengths predictions by the present model may

be very sensitive to different imperfection shapes. In such
cases, strength analysis may be performed with various
imperfection shapes in order to account for the more
unfavourable imperfection.
Due to the computational efficiency of the present

model, it is also suited for design optimisation and
reliability studies that normally require large number of
case studies.
Acknowledgements

The authors would like to thank dr.scient. Eivind Steen
and dr.ing. Eirik Byklum, both at Det Norske Veritas
(DNV), Norway, for their support and valuable discus-
sions throughout the study. Special thanks goes to Eirik
Byklum for making a nonlinear postbuckling program (in
Fortran 90) for unstiffened plates available for use in this
study. The computer program based on the theory in the
present paper represents an extension of that buckling
program.
Appendix A

A.1. Coefficients in Airy’s stress function

The coefficients in Airy’s stress function are

f ij ¼
E

4ði2b=Lþ j2L=bÞ2

�
XM
r¼1

XN

s¼1

XM
p¼1

XN

q¼1

crspqðarsapq þ arsbpq þ apqbrsÞ, ðA:1Þ

where bpq are the amplitudes of w0, f 00 is zero, and crspq are
integer numbers given by

crspq ¼ rspqþ r2q2 (A.2)

if �ðr� pÞ ¼ i and sþ q ¼ j, or rþ p ¼ i and �ðs� qÞ ¼ j,
or

crspq ¼ rspq� r2q2 (A.3)

if rþ p ¼ i and sþ q ¼ j, or �ðr� pÞ ¼ i and �ðs� qÞ ¼ j,
or

crspq ¼ 0 (A.4)

for other cases. More details of the derivation of the
coefficients f ij can be found in the literature [15]. In the
derivation of the rate form of the stationary potential
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energy the following derivatives of f ij are involved:

qf ij

qafg

¼
E

4ði2b=Lþ j2L=bÞ2

�
XM
r¼1

XN

s¼1

ðcfgrs þ crsfgÞðars þ brsÞ, ðA:5Þ

_f ij ¼
E

4ði2b=Lþ j2L=bÞ2

�
XM
r¼1

XN

s¼1

XM
p¼1

XN

q¼1

ðcpqrs þ crspqÞðars þ brsÞ _apq, ðA:6Þ

q _f ij

qafg

¼
E

4ði2b=Lþ j2L=bÞ2

XM
p¼1

XN

q¼1

ðcfgpq þ cpqfgÞ _apq. ðA:7Þ

A.2. Incremental potential strain energy of a stiffener

By substitution of the assumed displacement field, the
potential strain energy of a stiffener given in Eq. (29) can
be written as

U stiff ¼
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The rate form of the contribution of the stiffener strain
energy in the principle of stationary potential energy is

q _U stiff

qafg

¼
q2U stiff

qafgqapq

_apq þ
q2U stiff

qafgqL
_L

¼
XM
p¼1

XN

q¼1

ðQ1ðp; q; f ; gÞ þQ1ðf ; g; p; qÞÞ _apq

þ
X2M

m¼0

X2N

n¼0

Q2ðf ; g;m; nÞ _f mn

þ
XM
p¼1

XN

q¼1

X2M

m¼0

X2N

n¼0

Q2ðp; q;m; nÞ
qf mn

qafg

_apq

þ
XM
i¼1

XN

j¼1

X2M

m¼0

X2N

n¼0

Q2ði; j;m; nÞaij

q _f mn

qafg

þ _Q3ðf ; g;LÞ, ðA:12Þ

where the expressions _f mn, qf mn=qafg and q _f mn=qafg are
defined in Eqs. (A.5)–(A.7). The first four summation terms
in Eq. (A.12) give contributions to the generalised,
incremental stiffness matrix, while the last summation
term gives a contribution to the generalised, incremental
load vector.

A.3. Incremental potential energy of an external stiffener

load

For a regular stiffener oriented in the x-direction, the
rate form of the contribution of the potential energy due to
external stiffener loads in the principle of stationary
potential energy is

q _T stiff

qafg

¼
q2T stiff

qafgqapq

_apq þ
q2T stiff

qafgqL
_L

¼
q _Psx

qafg

ðec½w;x�
ðx2;y2Þ
ðx1;y1Þ

� DxÞ þ
qPsx

qafg

ðec½ _w;x�
ðx2;y2Þ
ðx1;y1Þ

� _DxÞ

þ _Psx ec

q
qafg

½w;x�
ðx2;y2Þ
ðx1;y1Þ

�
qDx

qafg

� �
� Psx

q _Dx

qafg

,

ðA:13Þ

where

qDx

qafg

¼
p2

4L
f 2
ðafg þ bfgÞ, ðA:14Þ

q _Dx

qafg

¼
p2

4L
f 2 _afg, ðA:15Þ
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_Dx ¼ _L
Sx0L

E
� n

Sy0L

E

� �

þ
p2

4L

XM
p¼1

XN

q¼1

p2ðapq þ bpqÞ _apq, ðA:16Þ

_w;x ¼
XM
p¼1

XN

q¼1

_apq

pp

L
cos

ppx

L

� �
sin

pqy

b

� �
, ðA:17Þ

qPsx

qafg

¼
X2M

m¼0

X2N

n¼0

qf mn

qafg

np
b

� �2
cos

mp
L

x2

� �
cos
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b
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� �
, ðA:18Þ

_Psx ¼ � _LSx0 þ
X2M

m¼0

X2N

n¼0

_f mn

np
b

� �2
cos

mp
L

x2

� �

� cos
np
b
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� �
, ðA:19Þ

q _Psx

qafg

¼
X2M

m¼0

X2N

n¼0

q _f mn

qafg

np
b

� �2
cos

mp
L

x2

� �
cos

np
b

y2

� �
,

(A.20)

where the expressions _f mn, qf mn=qafg and q _f mn=qafg are
defined in Eqs. (A.5)–(A.7). The terms in Eq. (A.13)
containing _apq give contributions to the generalised,
incremental stiffness matrix, while terms containing _L give
contributions to the generalised, incremental load vector.
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